An application of the electromagnetic exact image theory (EIT) for the calculation of electric and magnetic fields at the Earth's surface produced by an ionospheric line current with a non-zero divergence is presented. The complete EIT requires a large amount of computation, which can be reduced by using the two low-frequency approximations proposed here. Some examples are shown, with exact reference data obtained by using the Fast Hankel Transform for numerical computations. Limitations of the presented EIT method are discussed, e.g. the loss of accuracy of the other approximation at lower frequencies and the error in the horizontal electric field strength value. The EIT-based approximation is related to the well-known Wait's complex image method (CIM), but can be applied to currents with non-zero divergence, too, as demonstrated in this paper.
G E O P H Y S I C A L B A C K G R O U N D
Space weather refers to the Earth's near-space conditions which may affect space-borne or ground-based technological systems. The origin of the space weather phenomena is the Sun which continuously emits charged particles as the solar wind, whose interaction with the Earth's magnetic field is a key issue in space weather research.
A space storm produces large electric currents in the magnetosphere and ionosphere. At the Earth's surface these currents are observed as a geomagnetic disturbance or storm accompanied by an induced geoelectric field. The latter causes geomagnetically induced currents (GIC) in all conductor networks, like electric power transmission grids and oil and gas pipelines, e.g. Viljanen & Pirjola (1994) . GIC, which thus refer to ground effects of space weather, are a source of problems to the systems, Boteler et al. (1998) . In power systems, the problems result from the saturation of transformers by GIC, e.g. Kappenman & Albertson (1990) . The best known GIC catastrophe has been the blackout of electricity in Québec, Canada, during a magnetic storm of 1989 March 13 (Czech et al. 1992 ) and a transformer was permanently damaged in the USA in the same storm. Pipelines may suffer from problems associated with corrosion and its control, due to geomagnetically induced currents (Boteler 2000) .
The calculation of GIC magnitudes in a network requires the determination of the geoelectric field. Primarily it depends on the ionospheric and magnetospheric sources and secondarily on the currents induced in the Earth. The modelling efforts of the geoelectric phenomena thus require an assumption of the space currents and of the Earth's conductivity structure. Exact formulae for calculating the electric and magnetic fields at the surface of a layered Earth created by a general non-divergent current system consisting of a horizontal ionospheric distribution and of geomagnetic field-aligned currents are derived by Häkkinen & Pirjola (1986) . Their numerical computation is, however, time-consuming (Pirjola & Häkkinen 1991) due to the high numerical accuracy required, and therefore they are not suitable for any time-critical applications, like GIC forecasting purposes. The complex image method (CIM) of Wait (1969) provides an improvement as it is accurate and makes fast computations possible (Pirjola & Viljanen 1998) . As a drawback, the complex image method only deals with horizontal currents (Thomson & Weaver 1975) , so that vertical currents, which model field-aligned contributions, have to be replaced by an equivalent horizontal distribution (Pirjola & Viljanen 1998) . Furthermore, CIM requires that the total current is non-divergent, which does not necessarily hold exactly true in reality. The possibility of improvement by using the exact image theory (EIT) is investigated here.
Initially a simple line current oscillating sinusoidally in time and having a sinusoidal space dependence along the line (Pirjola 1985a) is considered. The current thus has a waveform, and because its divergence is non-zero, charges also exist. A line current is the first approximation of an auroral electrojet which is important for magnetic storms at high latitudes. In practice the high (anisotropic) conductivity of the ionosphere prevents the accumulation of charges as much as the present model suggests but, while being simple enough, the model is suitable as the first test of the applicability of EIT to situations in which charges are also present.
Later a model will be considered in which a similar line current is accompanied by vertical currents removing the accumulating charges (Pirjola 1985b) . The final aim is to study the applicability of the exact image theory in connection with a general ionosphericmagnetospheric current system.
As mentioned, the line current model considered in this paper was chosen because it is simple enough for testing the applicability of EIT in geoelectromagnetics. It is also worth noting that the same model was the starting point when developing and deriving the exact formulae for the electric and magnetic fields at the surface of a layered Earth due to a general current system (Häkkinen & Pirjola 1986 ).
T H E E X A C T I M A G E T H E O R Y
Electromagnetic reflection problems involving a source in front of a planar interface of two media can be handled by adding an image source behind the interface and removing the interface altogether by filling all space with the medium in front of the interface (Bannister 1986; Wait 1991; Weaver 1994) . The total field in the half-space of the original source can then be calculated as the sum of the fields from the original and image sources in the homogeneous space. This principle is best known in the case of a perfectly electrically conducting plane, in which the image of a point source (dipole) is another point source (dipole). However, if the reflecting medium is not an ideal conductor, the image of a point source will be a line source in complex space. The form of the line source is given by the exact image theory (Lindell & Alanen 1984; Lindell 1995) .
The derivation of the exact theory is quite involved. Nevertheless, it can be applied in a straightforward manner without having to know the details of the derivation. Let us now summarize the basic formulae ready for application.
Because images for extended sources can be obtained by combining those of point sources, we start by considering an electric dipole
in air at the height z = h above the interface z = 0 of two isotropic media. Air (z > 0) has parameters 0 and µ 0 and the ground (z < 0) parameters r 0 and µ r µ 0 . The complex parameter r = + σ/( jω 0 ) contains information about the (uniform) conductivity σ of the ground. The vector u z is the unit vector of the z-axis (pointing upwards) and it is perpendicular to the air-ground interface. The unit vector v and the coefficient I L define the direction and moment of the current element, respectively. Time dependence e jωt is assumed throughout the text. If we express the unit vector v in terms of its vertical and horizontal components,
the image source corresponding to (1) can be expressed in the form of Lindell (1995) , eq. (7.257),
This is a line current starting from the real mirror image point z = −h and extending to infinity in complex space. Here f 0 (ζ ) denotes the derivative of f 0 (ζ ) with respect to the complex line parameter ζ (unit: metre). As usual, k 0 = ω √ µ 0 0 is the wavenumber in air. The three image functions f TM (ζ ), f TE (ζ ) and f 0 (ζ ) (unit in all: m −1 ) can be expressed in terms of a two-variable function f (α, p) as
and
And finally, the function f (α, p) itself is defined by
Because the envelope of the oscillating Bessel functions J n ( p) decreases in magnitude with an increasing argument only if p is real, the location of the image in the complex z-plane must be chosen so that p = j Bζ is real. The Heaviside unit step function ( p) guarantees that the image exists only for p ≥ 0.
If we generalize the method to 3-D sources by creating the line image (3) for every point of the original source volume V, the field radiated by the image source can be obtained through the vector potential A(r) which is expressed as a 4-D integral (Lindell 1995) 
Here, G(r) is the scalar Green function
with the complex distance function
For complex arguments the branch of the square root in D must be taken so that the imaginary part of D is non-positive. This ensures that the Green function decays exponentially at infinity.
F I E L D S F R O M A C U R R E N T W A V E
Electromagnetic fields can be expressed in terms of the vector potential as (Lindell 1995 )
The vector potential in turn satisfies the Helmholtz equation
If we consider a wave-like current source
then the solution for the Helmholtz equation is also wave-like, namely,
Here q is the propagation parameter along the y-direction;
This vector potential is given by the expression (Lindell 1995 )
0 is the Hankel function of the zeroth order and of the second kind. As can be seen, we have reduced the original 3-D problem to an essentially 2-D one.
In free space the electromagnetic fields can now be written as 
F I E L D S F RO M A L I N E C U R R E N T
After all the preceding preliminary work we are ready to introduce the actual geophysical model. We consider an infinitely long and thin line current parallel to the surface of the Earth:
This is, of course, a special case of the current wave (15). It is also immediately seen that the divergence of this current is non-zero and Wait's image theory (Wait 1969 ) cannot be used. The potential from the given source J sy (x, z) in free space is
B 0 ≡ µ 0 q I and (27) By applying eqs (22) and (23) for the current wave, the magnetic and electric field from this potential in free space become
Here we have applied the relations 
F I E L D S F R O M T H E I M A G E S O U R C E O F T H E L I N E C U R R E N T
The image of the current (24) is of the form (Lindell 1995) 
Parameter ζ has been absorbed to the (complex) quantityz = z( p) = −h − ζ = −h − p/( j B). This can be done because the z-coordinate of the original current line always equals z = h. In the geophysical problem at hand we assume low frequencies (or quasi-statics) and µ r = 1, i.e. the medium of the Earth is nonmagnetic. We thus have r ≈ − j σ ω 0 and | r | 1. We can denote B ≈ k 0 √ r , and the exact and asymptotically accurate forms of the image currents are by Lindell et al. (2000) 
Asymptotic expressions are denoted with . The exact form of J iy (x,z) is so simple that it can be used as the asymptotically accurate form directly. The asymptotic part in (39) has been obtained by finding an approximation for the f ( r , p) function when | r | → ∞.
To go one step further, we introduce the delta-function approximations (denoted with ≈) 
The delta function is located at the "centre of gravity" of the corresponding f (α, p) function and weighted to give the right "mass". The expressions of the currents simplify accordingly:
The delta-function approximation is also a quasi-static one, and it can be used when the exact or asymptotic forms of the image currents are peaked 'enough' (more about this in the Examples section).
The vector potential has two components (prime now denoting the source region):
Later we will use the shorthand notation Inserting the asymptotically accurate images (38) and (39), G(D) from (20), and dz = −dp/( j B) to (45) gives us
0 (β D( p)) dp and (47)
After the delta-function approximation the potential expressions are simplified to
0 (β D(2)) and (49)
The magnetic and electric fields due to the image sources have all three components: After some algebra it is found that the asymptotically accurate magnetic field components are
1 (β D( p)) D( p) dp and (54)
For the delta-function images the same expressions reduce to On the other hand, the asymptotic electric fields are
And finally, the delta-approximated E-components are
To derive all these expressions, the order of differentiation and integration has been changed-this can be safely done, because we are interested at all times in the fields outside the source region.
The total fields can be obtained simply by summing the fields of the line current ('incoming' or 'external' field) and the fields of the image current ('reflected' or 'internal' field):
E X A M P L E S
We study the total (incoming + reflected) fields at the surface of a uniform Earth (z = 0) using the asymptotic and deltaapproximations. The geophysical parameters are I = 10 5 A, σ = 10 −3 Sm −1 , h = 10 5 m and q = 10
Two frequencies are used, namely, T 1 = 1/ f 1 = 20 s and T 2 = 1/ f 2 = 300 s. = 5, but it can be ignored. The results were computed at x = 0 . . . 500 km and y = 0 km. The comparison results have been calculated with the Fast Hankel Transform (FHT) (Johansen & Sørensen 1979; Pirjola 1985b) .
The signs of the complex square roots in eqs (7), (18) and (46) It is seen that in all cases the EIT magnetic field agrees very well with the exact FHT magnetic field. The asymptotic approximation is naturally better than the delta function approximation, especially for T 2 = 300 s. The reason for this is shown in Fig. 5 depicting the normalized current functions j iy and j iz at different frequencies. At higher frequencies the current density is peaked and the delta-approximation (positions of the delta functions marked with × 
as the function of the absolute value of the complex depthz( p). The periods of the current wave are 20 s (upper) and 300 s (lower). The positions of the approximating delta functions are marked with × ( j iy ) and • ( j iz ). and •) is feasible. At lower frequencies the first peak of the current is very wide, and the calculation of the fields from the delta function 'near' the image current gives bad results. If the original source had been at a greater height, the results would have been better. It is worth noting that the accuracy increases when the distance from the line current increases.
The electric field, in turn, is a bit more problematic. Regardless of the type of the approximation, the E z -fields are reasonably accurate on both frequencies. The asymptotic approximation gives good E yfield, but, on the other hand, E x gets very close to zero for some yet unknown reason. However, the possibility of numerical error has been excluded, though there are highly oscillating {
(β D) D
} terms inside the field integrals. The use of the delta-approximation for the E x -and E y -fields is less successful, though the delta-approximation gives good values for the reflected components, Fig. (6) . The problem is that the incoming and reflected parts of these two field components are almost equal in magnitude and opposite in sign. This, in turn, means that the total horizontal E-field components are very small (zero for a perfectly conducting surface) and even small relative errors (of the order of 10 −7 . . . 10 −8 ) in the incoming and reflected parts show up in the total field. The error is clearly seen when comparing the order of magnitude of the total E x -or E y -field between the two approximations. This demonstrates the high computational (numerical) accuracy required, as stated earlier. Of course, in the real world every deviation from the idealized geometry used here will perturb the fields. Therefore obtaining good absolute accuracy is very difficult (and even unnecessary), however, the presented approximations need to be computed carefully to get the right order of magnitude of the fields. In the case of the delta-approximation only analytical refinement (perhaps adding more delta-function images) can be done.
C O N C L U S I O N
Knowledge of the geoelectromagnetic fields is needed in the calculation of geomagnetically induced currents (GIC) in technological systems. GIC, which constitute a ground effect of space weather, may interfere and even damage the systems. Two exact image theory (EIT) based low-frequency approximations for calculating the geoelectromagnetic fields were introduced: an asymptotically accurate and a delta-function approximation. These were applied to an infinite line current accompanied by charges and the resulting fields at the surface of the ground were presented.
Both approximations give good results for the total magnetic field and the vertical electric field. The horizontal electric field component in the direction of the line current is given well by the asymptotically accurate approximation, but neither approximation fully qualifies for the calculation of the horizontal E-field component perpendicular to the line. The failures of the delta-approximation are due to the nature of the problem. Details of the reason for the anomalous E x -field of the asymptotic approximation are not considered here, because they are not important in the present preliminary investigation of the applicability of EIT in geophysics.
In the light of the results it seems that the investigations are worth continuing in connection with space weather research. In the future more physical current models will be introduced and the approximations will be so refined that all field components become accurate enough.
In this paper our numerical computations were restricted to two periods of oscillation (20 s and 5 min), both of which represent 'high' frequencies when considering ionospheric currents. Longer periods (up to hours) would obviously be more problematic in numerical computations, and so their investigation is left for future studies.
We have assumed the Earth to be uniform. This is a simplifying, but not necessary, assumption in the exact image theory. Consequently, more realistic layered Earth models should be included in future work.
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